SINGULARITIES OF THE ASYMPTOTIC COMPLETION OF 
DEVELOPABLE MOBIUS STRIPS 



KOSUKE NAOKAWA 

Abstract. We prove that the asymptotic completion of a developable Mobius 
strip in Euclidean three-space must have at least one singular point other than 
cuspidal edge singularities. Moreover, if the strip contains a closed geodesic, 
then the number of such singular points is at least three. These lower bounds 
are both sharp. 



1. Introduction 

Let U be an open domain in Euclidean two-space R 2 and / : U — > R 3 a C°° 
map. A point p G U is called a singular point of / if the Jacobi matrix of / is of 
rank less than 2 at p. It is well-known that complete and flat (i.e. zero Gaussian 
curvature) surfaces immersed in R 3 are cylindrical. This fact implies that the 
'asymptotic completion' (see Definition 12. ip of a developable Mobius strip (i.e. a 
flat ruled Mobius strip) must have singular points. Since the most generic singular 
points appeared on developable surfaces are cuspidal edge singularities (cf. [II [5]), 
we are interesting how often singular points other than cuspidal edge singularities 
appear on the asymptotic completion of a developable Mobius strip. (Izumiya- 
Takeuchi [5] is a nice reference for singularities of ruled surfaces or developable 
surfaces.) 

Recently, global properties of flat surfaces with singularities in R 3 were investi- 
gated in Murata-Umehara [5]. They defined 'completeness' for flat fronts (cf. [HI 
Definition 0.2]) and proved that a complete flat front with embedded ends has at 
least four singular points other than cuspidal edge singularities if the front has sin- 
gular points. However, we cannot apply this result, since complete flat fronts are 
all orientable (cf. Theorem A]). Therefore, it is interesting to determine lower 
bounds on the number of non-cuspidal-edge singular points on developable Mobius 
strips. We show the following: 

Proposition. The asymptotic completion of a developable Mobius strip has at least 
one singular point other than cuspidal edge singularities. 

In fact, there are many developable Mobius strips. Chicone-Kalton [5] con- 
structed a developable Mobius strip on each generic closed regular curve in R 3 . 
The topological types of Mobius strips are determined by the isotopy types of their 
generating curves and Mobius twisting numbers. R0gen showed that there 
exists a developable Mobius strip of an arbitrarily given topological type. 
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A developable Mobius strip which contains a closed geodesic is called a rectifying 
Mobius strip. Roughly speaking, a rectifying strip can be constructed from an 
isometric deformation of a rectangular domain on a plane (cf. [5J Proposition 2.14]). 
We also show the following assertion. 

Theorem. The asymptotic completion of a rectifying Mobius strip has at least three 
singular points other than cuspidal edge singularities. 

The first explicit construction of a rectifying Mobius strip in R 3 was given by 
Wunderlich (T3] . Recently, Kurono-Umehara [5] proved that there exists a rectifying 
Mobius strip which is isotopic to any given Mobius strip. See Sabitov [T^ for other 
references and the history. 

2. Singularities of developable Mobius strips 

First, we define several terminologies. Let 7 = 7(3) : K — > R 3 be a C°° map. 
The map 7(s) is called l-periodic if j(s + I) — j(s) for s G R. A C°° map -f(s) is 
called regular if 7'(s) := dry(s)/ds does not vanish on R. We fix such a periodic 
regular curve 7. An R 3 -valued vector field £ along 7 is called I -odd-periodic if it 
satisfies £(,s + I) = — £(s) for s £ R. We also fix such a C°° ^-odd-periodic vector 
field £. Then, a C°° immersion 

(2.1) F{s,u) = 7 (s)+<(s) (seR, |u|<e) 

is called a ™Zed Mobius strip if 7'(s) and £(s) are linearly independent for each 
s £ R, where e > is taken to be sufficiently small. In this situation, 7 is called 
the generating curve of F and £ is called the ruling vector field of .F. 

Definition 2.1. Let F(s, u) be a ruled Mobius strip as in (|2.1[) . Then a C°° map 

F(s, u) = 7(s) + tif(s) (s,ueM) 
is called the asymptotic completion (or a-completion) of -F. 

Definition 2.2. Let [/* C R 2 (i = 1,2) be two open neighborhoods of points 
Pi e R 2 and — fi(u, v) : Ui — > R 3 two C°° maps. Then /1 is said to be right-left 
equivalent to fi if there exist two diffeomorphisms <p : R 2 — > R 2 and $ : R 3 — > R 3 
such that (p(pi) = p 2 , * ° /i(pi) = ^2(^2) and $ o / x = / 2 o ^5 on t/'i- 

We set 

/ 2u 3 \ / 3u 4 + m 2 w 

/ c (m, u) := -3w 2 , / s (w, v) := -4u 3 - 2uu 

(See Figures [T] and [21 respectively). A C°° map which is right-left equivalent to the 
map germ fc (resp. fs) is called a cuspidal edge (resp. a swallowtail) . 





Figure 1. A cuspidal edge 



Figure 2. A swallowtail 
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We recall the criteria for cuspidal edges and swallowtails as in [7] : 

Definition 2.3. Let U C R 2 be an open domain. A C°° map / : U — > R 3 is called 
a frontal if there exists a C°° map v : U — > § 2 (S 2 is the unit sphere) such that 
v(p) is perpendicular to df(T p U) for p £ U, where df is the differential of / and T p U 
is the tangent space at p to U. Such a map v is called a unit normal vector field 
of /. Moreover, if the C°° map L := (/, v) : U — > K 3 x § 2 is an immersion, / is 
called a wave front (or front). 

A singular point p G U of a frontal /(it, w) is non-degenerate if the differential 
d\ of A := det(/ u , /„, v) does not vanish at p, where /„ := df/du and /„ := df/dv. 
If a singular point p is non-degenerate, the singular set of / is a regular curve near 
p on U. This regular curve c(s) is called the singular curve of /, and a tangent 
vector to c is called a singular direction of /. Moreover, a nonzero vector n £ T C ^U 
satisfying df{rj) = is called a null direction of /. We can take such rj(s) as a C°° 
vector field along c(s) near p, and the C°° vector field rj(s) is called a nw/Z vector 
field of /. 

Fact 2.4 (7\). Let f = f(u, v) : U — > R 3 be a wave front. We denote by c(s) the 
singular curve near a non-degenerate singular point p € U of f such that c(0) = p, 
and by rj(s) a null vector field along c(s). We set p :— det(c',7y). Then 
(i) p is a cuspidal edge if and only if p(0) ^ 0, 
(ii) p is a swallowtail if and only if p(0) = and p'(0) ^ 0. 

Cuspidal edges and swallowtails are wave fronts as C°° map germs, ft should be 
remarked that criteria for cuspidal edges and swallowtails of developable surfaces 
have been given in |5, Theorem 3.7]. One can apply the criteria instead of those in 
FactE2fl 

Next, we consider the a-completion of a ruled Mobius strip F(s,u) = j(s)+u^(s) 
with singularities. By a suitable change of parameters, we may assume that s is an 
arc-length parameter of 7 and £(s) is a unit vector for s 6 R. 

Lemma 2.5. Let F(s,u) — j(s) + u£(s) be a ruled Mobius strip where s is arc- 
length and £(s) is a unit vector for s£l. Then 

\F s xF u \ 2 = { ^ [S)1 V + IC'MI 2 ) + ^WP lC(sJ^O), 

I l7'( S )x^( S )| 2 «'(«)= 0), 

where the dot ' ■ ' is the inner product and the cross ' x ' is the vector product in R 3 . 

Proof. Since F s = 7' + u£' and F u — £, this assertion is obvious when £'(s) = 0. 
So we assume £'(s) 7^ 0, and then 



if. x f u \ 2 = in 2 



y-e'\ , It' x €i 2 in 2 - cv - eo 2 



\sf J lei 2 



Since 

i( 7 ' x x e\ 2 = w x e\a 2 - «-/ x o • o 2 = iv x enef - detcy.^o 2 

and 

I(V x x ri 2 = Kt' ■ - (£ • OtT = (V • O 2 , 

we get the conclusion. □ 
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The equation det(7',£, £') = is a necessary and sufficient condition of flatness 
of ruled Mobius strips. Hence, if F is developable, the C°° map 

(2 - 2) vM - = ms)*m 

gives a unit normal vector field along F(s,u), so F is a frontal. Since v does not 
depend on u when F is developable, we regard as v(s) — v(s, u) and denote v' = v s . 

Let '~' be the equivalence relation which regards two points (s, u) and (s+Z, — ti) 
as the same point in M 2 , where I is the period of the closed curve 7(s). We set 
M :=R 2 /~. Then, F can be regarded as a C°° map of M into M 3 . 

Lemma 2.6. Suppose that F(s,u) = "/(s) + u£(s) is a developable Mobius strip, 
then 

(i) each singular point of F is non-degenerate, 
(ii) the singular set S(F) of F is given by 

(in) £/ze nwZ/ vector field of F is given by 

Proof. We set A := dct(i r s , F u , i/). Since the singular points of F do not appear 
on asymptotic lines u i— > (si,u) for si G K satisfying £'(si) = 0, we have X u = 
Y-C/W x £1 ^ on 5(F). Therefore, we obtain ©. Since \i x f| = | 7 ' • £'| by 
flatness of F and Lemma [2T5l we obtain §u§. Let (so,«o) be a singular point. Since 
k := 7'(so) • C( s o) (7^ 0) satisfies F s (so,uo) = kF u (so,uo), we have (Jm]). □ 

Since £ is not a constant vector field, there exists a point s G K such that 
£'(s) 7^ 0. Therefore, the singular set is not empty. The following lemma 

gives a proof of the proposition in the introduction. 

Lemma 2.7. Let F(s,u) = 7 (s) + u£(s) be a developable Mobius strip. The a- 
completion of F has at least one singular point other than cuspidal edge singularities 
on each connected component of S{F). In particular, the a- completion of F has at 
least one singular point other than cuspidal edge singularities. 

Proof. We remark that there exists a point s£M such that £'(s) = 0, since 7' • £' 
is an odd-periodic function. Let {(s, m(s))} S £k be the graph of the singular curve 
of F in the (s, u)-plane, and let {(s, m(s))} Si<s<S2 be a connected component of 
S(F). Then, the two points Si and s 2 satisfy £'(si) = £'(72) = and £'(s) 7^ 
for s G (si,s 2 ). Suppose -f'(s) ■ £'(s) > for s G (si,s 2 ). By Lemma EOH (jn]) . u(s) 
satisfies 

lim u(s) = lim u(s) = —00, 

s\si s/*s 2 

where \ and f~ mean approaching from above and below, respectively. Then, the 
function 



P(s) := -u(s) - / i(t)-t(t)dt 



satisfies 



lim P(s) = lim P(s) = 00, 

s\,si s/s 2 
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since |7'(s) • £(s)| < 1. This implies that P(s) attains a minimum at a point 
s = so- Let p(s) be the determinant of the 2x2 matrix consisting of the two 
vectors for the singular direction and null direction of F. Then, the function p(s) = 
—u'(s) — 7'(s) • £(s) = P'(s) vanishes at s = sq. By Fact 12 .41 the singular point 
(so,u(so)) is not a cuspidal edge singularity. The case 7' • £' < is similar. □ 

Remark 2.8. Lemmas 12.61 and 12.71 also imply that the number of non-cuspidal- 
edge singular points on the a-complction of a developable Mobius strip is greater 
than or equal to the number of connected components of the zero set of if these 
numbers are finite. 

We close this section with an example having only one singular point other than 
cuspidal edge singularities. This implies that the proposition gives the sharpest 
lower bound. 

Example 2.9. We define a 27r-periodic regular curve 7 = j(s) : R — > R 3 by 

(sin 2s \ 
cos 2s 
(l/V^sins J 

whose curvature function k(s) does not vanish. Let £ = £(s) be the 27r-odd-periodic 
and non- vanishing vector field along 7 given by 

£(s) : = p{s)e(s) + cos(s/2)n(s) + sin(s/2)b(s), 

where e is the unit tangent vector field, n is the normal vector field and b is the 
binormal vector field of 7. Moreover, t is the torsion function of 7 and 

P(S):= ^)(%W +T(S) )/ Sin ^ 
We remark that p(s) and £(s) are both smooth at s = 0, n. Since det(7', £, £') = 0, 
the map F(s,u) = j(s) + u£(s) is a developable Mobius strip (See Figure [3]). 




FIGURE 3. The image of F(s,u) FIGURE 4. An open swallowtail 

The generating curve 7(s) can be expressed by a rational function; if x(s) 
tan(s/2) for — 7r < s < 7r, then we have 

1 / 4a:(l-i 2 ) 
^ = 7TL 2^2 (l~2x~x 2 )(l + 2x-x 2 ) 
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We set 

:= £(s)/cos(s/2) = p(x)e(x) + n(x) + xb(x). 
Then p(x) is a C°° function. Let p(x) be the determinant of the 2x2 matrix 
consisting of the two vectors for the singular direction and null direction of F(x, v) = 
j(x) + v£(x). We obtair£3 

1 (h+buVh) 2 xA(x) 
p - || xC ;|2 (a 1 + a 12V ^ (l + * 2 ) 3 (/i) 7/2 (/2) 2 ' 

where := 3+5a; 2 +3a; 4 , /^(a:) := 9 + 14x 2 +9a; 4 . Here, ai, ai2, b%, b 12 and A are 
polynomials in x such that they have only even-degree terms and are non-negative. 
Moreover, the asymptotic line at x — oo has no singular points, so p(x) — if and 
only if x = (i.e. s = 0). By Fact 12. 4[ the singular point corresponding to s = is 
not a cuspidal edge singularity. On the other hand, v'(s) — if and only if s = 0, 
where v{s) is defined by (|2.2I) . Therefore, each singular point except at s — is a 
cuspidal edge, again by Fact 12.41 

Remark 2.10. By author's computer graphics, the singularity on the asymptotic 
line at s = looks like an 'open swallowtail' (See Figure [4j cf. [I]). 

3. The proof of the theorem in the introduction 

Let F(s,u) — j(s) + u£(s) be a rectifying Mobius strip (See the introduction). 
Suppose that s is an arc-length parameter of 7. Then, 'y(s) and £(s) satisfy 

7 "( S ) • £(*) = 

for s £ K, since j(s) is a geodesic. We normalize the ruling vector £(s) for each 
s £ M such that the projection of ^(s) into the rectifying plane at the point j(s) is 
a unit vector, where the rectifying plane is a plane perpendicular to e(s) = t'(s). 
Then, ^ can be expressed by 

(3.1) D:=-e + b 

K 

when k is nonzero, where k is the curvature function, r is the torsion function 
and {e, n, b} is the Frenet frame of 7. This vector field D is called the normalized 
Darboux vector field of 7. The ratio a := t/k is called the conical curvature of 7 
(cf. Heil 0). 

Remark 3.1. In [3], D is called the modified Darboux vector along 7. Moreover, 
the criteria of cuspidal edges and swallowtails on the rectifying developable surfaces 
associated to 7 are given in terms of conical curvature a = t/k. For example, 
(sq,uq) is a non-cuspidal-edge singularity of F(s,u) = 7 (s) -I- uD(s) if and only if 
uq = -l/o-'(s ), er'(s ) ^ and cr"(s ) = (see [H Theorem 2.2]). 

We recall the following facts in order to explain properties of the conical curvature 
of a regular space curve. 

Fact 3.2 (cf. [3])- Let I C R be an open interval and 7 : I — > M 3 a regular 
curve. If the curvature function k, of 7 does not vanish, then the geodesic curvature 
function of the unit tangent vector field e : / — > § 2 0/7 as a spherical curve is 
equal to the conical curvature a = t/k of"/. 



The software Mathematica (Version 7.0.0, Wolfram research) was used for this calculation. 
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A C°° function g = g(s) : I — > R is said to be strictly increasing (resp. mono- 
tonically increasing in the wider sense) if g'(s) > (resp. g'(s) > 0) for s € /. 
A regular spherical curve a — a(s) : I — > § 2 is called an honestly positive spiral 
(resp. positive spiral) if the geodesic curvature function of a is strictly increasing 
(resp. monotonically increasing in the wider sense). 

Fact 3.3 ([SI [TO])- Let a — a(s) : / — > § 2 be a honestly positive spiral (resp. 
positive spiral). We denote by C(s) C § 2 the osculating circle of a at s € I and 
assign C(s) the orientation compatible with that of a(s) for each s£J. Let D(s) 
be the left-hand domain of C(s). Then, si < S2 implies D(s2) C D(s\) (resp. 
D(s 2 ) C D( Sl )). 

We return to the initial settings in this section. The Frenet frame of 7(s) cannot 
be defined if n(s) = 0. However, we can construct an 'extended' Frenet frame 
defined on R by using the ruling vector field £(s). We set 

e x £ A , „ t i „ 

n := — — , b := e x n, k := e ■ n, r := o ■ n, cr := e • t. 

|e x £| 

These vector fields and functions are of class C°°. Then {e,n, b} satisfies 

e' = kn, fi = —ke + fb. b = — rn. 

Therefore, we have k = \k\. Moreover, if k(s) ^ 0, then 

n(s) = en(s), b(s) = eb(s), 

where e := k(s)/n(s) (= ±f ). The function f(s) is exactly equal to r(s) if k(s) ^ 0. 
We can express the ruling vector field of F by 

£ = ae + b. 

Since det(e,£,£') = 0, we have f = ok. Therefore, we regard n, b, k, t and a as 
smooth extensions of n, b, k, t and <r, respectively. We set 

Jf+ := {s € E; k(s) > 0}, AT := { s € E ; k(s) = 0}, X_ := {s 6l; k(s) < 0}. 

We regard e = 7' as a closed curve in § 2 . The spherical curve e has singular points 
at zeros of k. For each s£l, n(s) and b(s) can be regarded as a unit tangent vector 
and a unit conormal vector of the spherical curve e(s), respectively. In particular, 
{n, b, e} gives a smooth positive orthonormal frame along e. Since a is of class 
C°°, we can smoothly extend to R the osculating circle C(s) C § 2 of e(s). In fact, 
the extended osculating circle C(s) can be canonically defined by a circle on § 2 
which passes e(s) and whose center is 

ex P e ( s ) Q ^arctan|^ 6(3)^ , 

where exp p : T p S 2 — > § 2 is the exponential map at a point p 6 § 2 . We assign C(s) 
the orientation compatible with the direction of h(s). If s € K + (resp. K-), then 
the orientation of C(s) is equal (resp. opposite) to that of C(s). Let D(s) be the 
left-hand domain of C(s). 

Since £' = <r'e, by Remark 12.81 it is sufficient to show that the number of the 
connected components of the zero point set of cr'(s) is at least three. We suppose 
that the number of locally maximal or locally minimal points of the odd-periodic 
function a is only one. We may assume that s = is the locally minimal point. 
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Then a is a monotonic increasing function in the wider sense on the closed interval 
[0, 1], where I is the period of j(s). The restriction of the spherical curve e to each 
connected component of K + (resp. K_) is a positive (resp. negative) spiral. If 
we take two points s\ and S2 satisfying si < S2 in each connected component of 
K+ U K-, we have -D(s2) C -D(si) by Fact 13.31 On the other hand, if we take two 
points si and S2 satisfying s± < S2 in each connected component of Ko, it holds 
that k = t = on the closed interval [si,S2]. Therefore n and b are constant on 
[51,82], so we have D{s2) C D{s\). Since the domain D(s) depends smoothly on 
s € R, we have D{s2) C D(s±) for s± and S2 satisfying si < s%. In particular, we 
obtain D(l) c -D(O). On the other hand, the orientation of C(l) is opposite to that 
of C(0), since h is odd-periodic. Hence, D(0) PiD(l) is empty. However, since D{1) 
is not empty, this is a contradiction. Since a is odd-periodic, a must have at least 
three locally minimal or locally maximal points. Then, by Remark 12. 8[ we obtain 
the theorem in the introduction. 

Example 3.4. We set 



which gives a closed regular curve of S 1 = R U {oo} in R 3 . Moreover, 7 has only 
one inflection point at s = 00. We set j(t) := j(l/t). Since 



and [H Corollary 2.11], the C°° map F(s, u) = -f(s) + u£(s) is a rectifying Mobius 
strip, where £(s) is as in (|3.ip . The a-completion of F has just three singular points 
other than cuspidal edges (See Figures [5] and [6|) . 




(2/5)s + s 3 + s 5 
s + s 3 
-8/5 




I'M x 7 (3) Wlt=o + 0, det(7'(t), 7 ( 3 )(t), 7 ( 4 )(t))| t=0 = 




FIGURE 5. The image of F(s,u) 



FIGURE 6. The a-completion of F 



By Lemma 12. 61 the singular curve of F is given by 




Moreover, the null vector field of F is d/ds. We denote by p(s) the determinant 
of the 2x2 matrix consisting of the two vectors for the singular direction and null 
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direction of F. Then, we can calculated 



p(s) := u'(s) 



(l + 5 2 + 2s 4 + s 6 )g(s) 3 / 2 Q(s) 



where a(s), b(s), Q(s) are certain polynomials which have only even-dimensional 
terms and a(s),b(s) > 0. It can be rigorously checked that the polynomial Q(s) 
has just two roots by Sturm's theorem. Moreover, we have p(s) — > (s — > oo), so 
p(s) has three zeros including s — oo. On the other hand, since v(s, u) := n(s) is 
a unit normal vector field along F, the C°° map L — (F, v) is not immersed only 
at (s,u) = (0,it(0)). Then, F has exactly three non-cuspidal-edge singular points 
by Fact 12.41 We remark that the singularity at (s, u) = (0, u(Q)) is a shape like an 
open swallowtail (See Figure |4j. The other two non-cuspidal-edge singularities are 
both swallowtails. 
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